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Surface Disintegration and Bubble Formation in

Vertically Vibrated Liquid Column

Hiroyuki Hashimoto* and Seiichi Sudot
Tohoku University, Sendai, Japan

A comprehensive theoretical and experimental study is made of free surface sloshing in a vertically oscillating
cylindrical container at high frequency with emphasis placed upon the dynamics of the gas-liquid interface. The
formation of liquid drops ejected from the free surface, gas entrainment in the liquid, and bubble motions are
studied experimentally. It is found that the input acceleration required for surface disintegration is dominated by
the liquid depth, and that the scales and the trajectory heights of the drops are dominated by the types of surface

. disintegration mechanisms achieved. An analysis is made of the gas entrainment caused by impacts of the drops
upon the free surface. The behavior of the gas-liquid interface during the impacts and bubble formations are
analyzed numerically. Theories for the vertical motions of the pulsating bubbles and their mutual attractive
motions are also developed. Theoretical results agree approximately with the experimental results. Bubble
motions in vertically vibrating liquid columns could be estimated quantitatively by the numerical results.

Nomenclature

0

=velocity of pressure wave in two-phase mixture
=drag coefficient
=diameter of container
=diameter of drop or bubble
=Young’s modulus
=force
=frequency
=acceleration of gravity
=liquid depth
=wavelength
= polytropic index
=pressure ~
= dimensionless pressure, P=P/ (gp,H)
=radius of container, or radius of bubble
=representative radius of bubble, Rat t=0
=radial coordinate, or distance between two bubbles
=thickness of.container wall
=trajectory height, or period
=time
=average bubble velocity for a given period of input
oscillation
=bubble volume
v =velocity components corresponding to rand z
=input displacement of container
= distance between two bubbles, x=r/R
= dimensionless axial coordinate, Z=z/H
=axial coordinate taken downward from free surface
= dimensionless acceleration, a = Xw?/g
=void fraction
=kinematic viscosity
=density
=angular frequency
= dimensionless frequency,¢ =wH/C
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Subscripts

b =bottom of container
c =cluster

d = surface disintegration
e = equilibrium

g =gas '
i =initial

¢ =liquid

m =mutual attraction

K} = spray excited

v =vertical direction

Introduction

XTENSIVE investigations have been made and reported

of liquid sloshing and its influence on the overall
dynamics of liquid fuel rockets, spacecraft, and many other
moving vehicles.! Several similar problems are associated
with the oscillation of liquid in containers during earth-
quakes,? the mixing of gas and liquid in a tank, chemical
engineering applications,? and the effect of bubble vibration
in acoustic cavitation.*

These previous studies have shown that as the input am-
plitude of a vertical oscillating container is increased, a point
is reached at which the wavelets on the free surface disin-
tegrate and form a spray of liquid particles. This strong in-
stability of the surface causes gas entrainment in the liquid.
Since drawing gas into the liquid could affect seriously the
hydrodynamic performances of flow through the container
and pumping systems connected to the container, the im-
portance of gas-liquid interface sloshing is well-recognized.

Large amplitude waves and spray particles ejected from the
free surface have been investigated theoreticlly and ex-
perimentally.5% The motions of gas bubbles and bubble
clusters in vibrated liquid columns have also been investigated
theoretically and experimentally.®!6 Mutual attractions
between bubbles in an acoustic pressure field have been in-
vestigated theoretically and experimentally. !’ While these
reports show the existence of spray-excited waves at the free
surfaces and the motion of the bubbles in vibrated liquid
columns, little information is currently available on the
hydrodynamical mechanism of gas entrainment from the
turbulent interface with spray particles. Further research into
bubble formation and bubble behavior in vibrated liquid
columns would be helpful.

The purpose of the present paper, therefore, is to present a
comprehensive experimental and theoretical study of gas-
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liquid surface sloshing in a vertically excited cylindrical
container at high frequency with emphasis placed chiefly
upon the dynamics of interface, and to investigate the
behavior of ejected liquid drops, gas entrainment, and gas
bubble motions in more detail.

Experimental Apparatus :

A block diagram of the apparatus is shown in Fig. 1. A
acrylic plastic cylinder, 500 mm long, 8 mm thick, and 184
mm in diameter containing water was excited longitudinally
and sinusoidally by an electrodynamic shaker. (A few tests
were conducted with a container 500 mm long, 6 mm thick,
and 119 mm in diameter.) The shaker was operated at up to 20
mm amplitude and 1000 Hz frequency by an automatic
control system, which consisted of an oscillator, servo-
controller, and programmer.

The container displacement was measured by ac-
celerometers monitored simultaneously on a dual trace
oscilloscope and an electromagnetic oscilloscope. The
frequency was measured by a digital counter. The
displacement of the liquid-free surface was measured by an
electrical probe and by an optical cathetometer, both of which
are accurate to 0.01 mm. The motions of the liquid surface,
liquid drops, and gas bubbles were photographed by a high
beam stroboscope-streakcamera system.
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Fig. 1 Block diagram of apparatus.
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Fig. 2 Relation of dimensionless input acceleration a, to frequency f
for threshold of spray.
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Experimental Results

Surface Disintegration

As input amplitude increased slowly from zero at a given
frequency, the free surface in the container usually responded
harmonically in a symmetric fashion; eventually, a point was
reached at which the free surface exhibited the well-known Y4
subharmonic response of individual wavelets all over the free
surface. Increasing the input amplitude further caused the
crests of the ¥2 subharmonic wave to disintegrate and form
liquid spray particles.

Figure 2 shows the threshold input acceleration «,, for spray
formation as a function of the input frequency f for several
liquid depths, H/D (where «, is the dimensionless ac-
celeration required for the surface disintegration). From the
figure, it is seen that o, is a maximum for certain frequencies,
f. The input amplitude X, required for the surface disin-
tegration decreases with increasing f. This probably results
from the fact that the Y2 subharmonic waves are more likely
to switch to other modes and to interact with each other for
larger f. Furthermore, former theoretical results$ reveal that
as fis increased, the unstable regions for various wave modes
overlap considerably. It is also seen from Fig. 2 that the larger
the dimensionless depth H/D is, the smaller «, is. This
decrement of «, as a function of H/D increases with f. The
reason for this is that as the input frequency f increases and
approaches the natural frequency of liquid acoustic wave in
the cylindrical container (and the larger H/D becomes, the
smaller this natural frequency becomes), the liquid
displacement produced by the pressure wave propagating in
the liquid column becomes larger, with the liquid particles
near the free surface especially disturbed, so the surface waves
tend to become unstable.

Liquid Drop Formation and Trajectory Height

Figure 3 is a photograph of the gas-liquid interface for a
cylindrical container oscillated longitudinally at o« =1.3. The
mechanisms of liquid drop formations can be classified
roughly into the following three groups:

1) Larger drops, formed regularly as a result of tearing of a
crest of Y2 subharmonic wave. The average diameter of these
drops decreases with increasing f. This follows from the
experimental fact that the drop diameter 4 is roughly
proportional to the wavelength L of the Y4 subharmonic
wave, and L decreases with increasing f. From our tests, the
relative diameter d/L is approximately 0.25~0.35, for /> 50
Hz.

2) Small drops, formed as a result of the breaking up of a
sufficiently slender wave crest.

Fig. 3 Photograph of representative liquid drop formations,
H/D=0.75,f=20.0 Hz, a = 1.41.
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3) Other small drops, formed as a result of the disin-
tegration of larger drops when they fall back onto the free
surface, or when a slender crest of a ¥4 subharmonic wave
inclines and impacts the free surface.

The scales of the liquid drops therefore correspond roughly
to the types of the surface disintegration mechanisms
produced by this vibration.

The trajectory heights and the number of liquid drops
above the free surface were observed to depend on the input
amplitude and frequency. Figure 4 shows a sketch (resulting
from several photographic exposures) of the concentration
distribution of liquid drops above the free surface. The shades
of the droplet layers indicate roughly the following three
classifications. The darkest layer is the turbulent gas-liguid
interface (layer 1). The somewhat more lightly shaded layer
includes the many large overlapping drops (layer 2). The
relatively light upper layer (layer 3) is the scattered small
drops. The drops in all layers jump out of the free surface
approximately ~uniformly and vertically except in the
neighborhood of the container wall, unless a large amplitude
spray-excited lower mode wave is generated (see the next
section).

Figure 5 shows the relation of trajectory heights T,, T,
and T for the three layers to the input accleration a within
the region from the threshold of surface disintegration to the
threshold of spray-excited waves. From the figure, it is
evident that 7', T,, and T increase with «. The derivative
dT/da for all layers decreases with increasing f, and d7,/da
and dT;/da are larger than dT, /de. Layer 1 consists mainly

Layer3
. Ts
L.ayer2
2
Layerl| Tiy

Fig. 4 Schematic sketch of liquid drops showing distribution of
concentration above free surface.
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Fig. 5 Trajectory heights of drops.
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of the peak-to-peak displacement of the large amplitude %4
subharmonic waves. When T, is sufficiently larger than the
input amplitude X, the following relation is obtained: T, =32
X. The drop scale in layer 2 is approximately uniform and
larger than in layer 3. This implies that most of layer 2
consists of the drops which are formed regularly as a result of
tearing off the crests of 2 subharmonic waves. Layer 3
consists of some small drops which are formed by breaking up
of the slender crests and by splashing of larger drops; T,
corresponds to the maximum trajectory height of these drops.

Spray-Excited Waves

By increasing the input accleration at a given f, the number
of drops impacting the free surface increases. Sometimes the
free surface is excited into one of its lower modes, possibly at
large amplitudes, by the droplet impacts. The first few modes
of these large amplitude oscillations were easily excited.
Figure 6 shows the threshold of these stable lower modes of
spray-excited waves. Increasing the input acceleration « for a
given f excited these modes in the order: (0,:1), (2, 1), and (1,
1). The larger H/D was, the smaller was the input acceleration
o, necessary to cause spray excitation. The amplitudes of
these waves were very sensitive to changes in o at a given
frequency. Although the interface of the spray-excited wave
was more turbulent than that of the ¥2 subharmonic waves,
with clusters - of small liquid drops often observed on the
interface, the wave frequency was approximately equal to the
natural slosh frequency determined numerically from the
assumption of a smooth free surface wave.

Gas Entrainment from Free Surface

When a lot of liquid impacted the free surface, many small
gas bubbles were observed to form uniformly close to the free
surface. Most of the bubbles weré smaller than 2.5 mm in
diameter. The air entrainment mechanism appeared to be very
complex and to include several patterns. The bubble diameter
differed roughly with each pattern. One of the most
representative patterns appears to be as follows: When a drop
from layer 2 impacts the free surface, a large crater is formed
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Fig. 6 Relation of acceleration a, to frequency f for threshold of
stable lower modes of spray-excited waves.
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Fig. 7 Relation of «, to f for condition that bubble remains at
bottom of container.

momentarily on the free surface. If another small drop from
layer 3 impacts the bottom of the crater just when the depth of
the crater becomes maximum, a narrow but deep gas cavity is
formed at the center of the crater. The upper part of the cavity
is closed by the flow of the liquid around the first crater and
immediately a spherical gas bubble is formed by the action of
the surface tension (cf. analytical treatment). The higher the
input frequency is, the smaller are the bubbles. The bubble
scale is approximately proportional to the liquid drop scale
and the wavelength of the surface wave. Of course, gas
bubbles can also be formed by other mechanisms, such as air
being drawn in from the violent surface motion.

Motions of Bubbles

Due to forces produced by the liquid pressure gradient,
vertical bubble motions were observed in the vibrated liquid
column. Such bubble motions depend chiefly upon the
buoyancy force produced by both gravity and vertical ex-
citation acceleration, since other bubble forces are generally
negligible. The bubbles can become negatively buoyant by the
excitation acceleration during each period of the oscillation
and thus sink to the container bottom. If the stability con-
dition (da/dz>0)!2 is satisfied at the equilibrium position
where the total force during one period is zero, the bubble
remains suspended at the equilibrium position. If « is so large
that many bubbles are entrained in the liquid, the bubbles sink
and reach the container bottom. Figure 7 shows the required
relation between f and «,, so that any bubble that reaches the
container bottom remains there. The larger H/D is, the
smaller the required «, is. Such a tendency is similar to the
relation of a, to H/D at the threshold of surface disin-
tegration (see Fig. 2). This is consistent with the fact that the
air entrainment is caused by the surface sloshing ac-
companying the liquid drop impact.

A mutual attraction between bubbles and a migration of
bubbles to a solid wall were also observed. Such bubble
behavior as well as the vertical motion in a vibrating liquid
column!® are often referred to as motions produced by
Bjerknes’ force. Two bubbles in a vibrating liquid column
attract each other, and their relative velocities increase with
the decreasing distance between them. The effect of the solid
wall on the bubble in the vibrating pressure fields could be
estimated in the same manner as the mutual attraction of two
bubbles, because the solid boundary condition in an ideal
flowfield is satisfied analytically by an image source and sink
system of the same phase as the pulsating bubble. Ultimately,
all of the bubbles gathered around a point adjoining the
container wall. Once two bubbles approached so close that
their spherical form was deformed; often they bounced. This
could be caused by the unsymmetrical pressure distributions
around the bubbles as a result of the change of the surface
tension force on the liquid film between the bubbles. The large
majority of bubbles did not coalesce to make a cluster as
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Fig. 8 Photograph of bubble clus

shown in Fig. 8. The cluster moved according to the input
acceleration and pulsated as a whole. The larger the input
amplitude X was, the more violently it pulsated. Furthermore,
the location where the cluster remained was affected by the
location of the container wall having the maximum deflec-
tion, as well as the equilibrium position as already stated.
Figure 9 shows the statistical average diameters d./D of
individual bubbles in a cluster. The smaller « is at f=con-
stant, the larger are the individual bubble diameters.

Theoretical Analysis

Gas Entrainment

Since it is difficult to clarify in detail the flow patterns of
gas entrainments solely by experiment, the gas-liquid interface
behavior accompanying gas entrainment was analyzed by the
Simplified Marker and Cell (SMAC) method.?® We computed
the following representative example: A small drop impacts
the bottom of a crater formed previously by the impact of
another large drop; that is, two different size drops fall from
different heights above the free surface. Assuming the
flowfield to be axisymmetric, the equation of continuity and
the Navier-Stokes equations in cylindrical coordinates are:

1dru Jdv B

+2° O
rar 0z

du N 1 dru? +auv _ ia)p + a <8u 61)) ?
at r or dz  p or Vaz dz  dr
2
v Ldruv v 1dp g_fi[r@i‘_ﬁ?)] (3)
a  r ar 9z p 0z r or dz or
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Fig. 9 Statistical average diameter d./D of individual bubble in a
cluster for a given «, D =119 mm.
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Fig. 10 Position of particles and velocity vectors at #=0.001 s after
drop impacts onto the still free surface.
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Fig. 11 Behavior of gas-liquid interface under condition: ¢, =0,
v;=33 m/s, R,/R=0.0750, ¢,=001 s, v,=-3.7 m/s,
R,/R=0.0375.

A stationary network of rectangular cells is utilized to divide
the calculational region into a finite number of elements with
which the fluid variables are associated. The cycle begins with
reflagging. It is necessary to check each cycle to see if the cell
flags need adjusting. The finite-difference equations for
momentum and pressure are solved over the mesh of
calculational cells by an iterative technique. Marker particles
for fluid elements are moved through the cells to appropriate
new locations. Boundary condition values and time counters
are adjusted in such a way that the next cycle can begin.

AIAA JOURNAL

1 =0 . Vi==3.3 mss, R /R=0.0750
1:=001's, Ve=-37 mss, Ra/R=00375

0.04
2/ H=0375

V. m/s

0.02

- 002

~-0.04

- 0.06 i

0 05 /R 1.0

Fig. 12 Distribution of liquid velocities under the same conditions at
Fig. 11.

Figure 10 shows an example of the numerical results for
particle positions and velocity vectors in the liquid, at in-
tervals of £=0.001 s after the first large drop impacts the
quiescent liquid surface. The particles in the figure initially
had been uniformly located in all liquid regions. Figure 11
shows the change in the free surface with time. The initial
condition is that a drop impacts at £, =0 with initial velocity
v; =3.3 m/s, and another smaller drop impacts at ¢, =0.01
with initial velocity v,=3.7 m/s. The figure shows the
following liquid motion: The liquid near the crater surface
begins to return upward a short time after the first drop
impacts. Since another small drop impacts onto the center of
the crater bottom at this time, the upper part of the deep gas
cavity made by the small drop becomes very narrow and then
the gas is entrained in the liquid. Figure 12 shows the change
in the liquid velocity distribution in the container with time
for the same conditions as Fig. 11. Of course, when the
container is vibrating with a large amplitude, the behavior of
the gas-liquid interface becomes more turbulent and complex.
Furthermore, to clarify the pattern in more detail, the effects
of stronger drop impacts, unsymmetrical drops and free
surface interactions, different time intervals between falling
drops, and so on should be considered. But one of several
mechanisms of gas entrainment from the free surface has been
clarified further theoretically by this sample of numerical
results.

Vertical Motion of Bubble

The analysis is based on the following assumptions: 1) A
bubble is completely immersed in incompressible and inviscid
liquid, and executes a spherically symmetric pulsation; 2) the
container is always excited sinusoidally and vertically; 3) the
frequency of the input oscillation is much smaller than the
bubble resonant frequency and the bubble radius is much
smaller than the wavelength of the pressure wave throughout
the liquid.

If the smaller terms involving the bubble mass and the
bubble acceleration are neglected,!? the time average
momentum balance for the bubble motion of a given period
T, and the relation between the bubble volume and the
pressure, are shown approximately by:

1 {7 0P P S'T -
- = V—dtr— — 2dr=
TSO di= 2| ac, Grar=0 @)
P V"=P,V§ 5)
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where subscript 0 shows the standard state. Cj, is the coef-
ficient of the hydrodynamic drag on the bubble expressed by:

20,,R) -0.78

v

4
V=§7rR3, A=7R2, CD=27( ©6)

When surface tension is neglected, the bubble pressure is
shown by!:

sin ( gz) sin{wt)
P=P,+pgz—Xopp,Co» ————— M

(&)
cos{ —
c

1
C?= - 8).
RTENTIEC I R
i, s D
ap, Py p(cg chfy SE

Considering the case [asin(¢Z)}/[¢ (P, + Z)cosp] <1 (higher
order terms are negligible), Eq. (9) is obtained from Eqgs. (5-8)
as follows:

1T OP 1 o sin(@Z)
- i‘go Va_z B —p(gV0(1+ 2n cos?¢ ¢(Py+2)
sin(@Z) (I+n) . 1 1
><L;;(P,,sz') 2n ’*Cos(d’z)}{Hs(HZ)

<) (i) ) ®

The vertical velocity of the bubble U, during a given period
T=1/f of the input oscillation is constant within the desired
accuracy because U, is slowly varying and can be evaluated at
a representative value U, corresponding to the mid-interval
time 7. Thus, Eq. (10) is obtained as follows:

o (T . 27 2RO N12/  1.22
-2 Vac,2dr= -2 2( ) (1 it
2T§o pUsd g\ * 36n

144

n

() ) U 1 (5 +9)

x (1:122 + 9) < (Pjinz'(filw)z]) (19)

From Egs. (9, 10, and 4), the velocity U, is shown in Eq. (11):

1 ( a \? i
_ v [32gR3 E(m) S{S—cos(62)} {1

vZ 2R\ 81 »2 , 1-22(1.22+3n) < aS )2 ;
36n? cos¢ {

+(l+n)(1+2n) ( oS )2}_1

0.82
8n? Ccose
(11)
(1.22+6n)(1.22+9n) ( as )2]
144n? cos¢p

where S=sin(¢Z)/[¢(P,+ Z)]. Figure 13 shows numerical
results for the downward velocity U, obtained from Eq. (11).
The dimensionless velocity U,/U,; increases rapidly with
dimensionless distance Z from the free surface, and is not
much affected by the polytropic index n for « of order 20.
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Fig. 14 Relation of input acceleration «;_, to relative depth H/D.

If the bubble is pulsating at the equilibrium depth where the
total buoyancy force due to gravity and input acceleration is
zero, the acceleration «, required for the equilibrium at the
depth Zis expressed in Eq. (12), which follows from Eq. (11)
and the condition U, =0:

_ coso
%= Sin(62)

({mp (Py+Z) tan(¢z‘)}

9 {1_ (2—1/n) (1 +n)tan(¢Z) })/ 12)

46(Py+Z)

If n=1.0, Eq. (12) agrees with the result obtained by Foster '?
(who treated the bubble motions only for the case of n=1.0).
Figure 14 shows the numerical relation between H/D (the
variable in the theory is liquid depth A rather than H/D) and
the equilibrium acceleration «,, required for equilibrium at the
bottom Z=1. The smaller H/D is, the larger «, is. The
theoretical results agree qualitatively with the experimental
results. Differences might be caused by the unsuitable
estimation of the pressure wave velocity and the lack of
consideration of liquid flow inertia in the calculation.
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Mutual Attraction of Two Bubbles

Based on the same assumptions as in the case of the vertical
motion, a mutual attraction of two pulsating gas bubbles is
analyzed. A bubble radius R at any time ¢ is expressed in Eq.
(13) by using Eqs. (5-7) as follows:

R=R(I+asinwt)™ (13)

where

1 —asin(¢Z)
m=—_—,a=——=T"""
3n ¢ (Py+ Z)cose

If the center of the Qulsating bubble is positioned at the
origin of a one-dimensional spherical coordinate system, the
pressure Pis expressed as:

(R?R’ +2RR? 1 (RZR):)

- = (14)
p

P=p, 3

Thus, the pressure P, at a given radial coordinate r is ex-
pressed in Eq. (15) from Egs. (13) and (14) as follows:

R3 . .
P = —Twzmasmwt(l +asinwt)*™~2 (1 —3macos?wt+a)

r

RS
——z——rjwzmzaz(1+asinwt) 6m—-2c0s2wt (15)

Considering that the actual pressure Pis P=pgZ;+ P,+ P, at
z=z,; and that @ is much smaller than unity, and neglecting
terms of higher order than a*, the average mutual attraction
force

1¢7T ap
Fm— }so ngt

of a given period T'is expressed as:

_ 2R3
F,= —21:(R2wam)2( ) ( maw T
agzr

HOIRT
3 r

If n=1.0, the first term of Eq. (16) is equal to the result of the
linear analysis introduced by Crum.!? Equation (16) is ap-
plicable to bubbles which pulsate with larger radial
displacements than in the former investigations. Since the
drag force and the momentum balance can be obtained in the
same way as in Eq..(4), (9), and (10), a velocity U,, of the
mutual attraction can be expressed in Eq. (17):

e 2 R2a Ra
2RU, 24 fwR?\2 a? 3x2 " 3nxzX, \ !
v ;( v ) nix? I R2a an
+————-—- e
270n% X,

Figure 15 shows the relation of U, to x. The dimensionless
velocity U,,/wR increases greatly with decreasing x. If ¢ is a
constant, the larger a is, the larger U, /wR is. U,, /wR is much
larger for n=1.4 than for n=1.0. From these results it could
be expected that bubbles pulsating with the same phase ap-
proach each other with velocities corresponding to r and a
bubble cluster is easily formed in the liquid.

Since the actual free surface sloshing phenomena governing
the dynamics of the gas-liquid interface are very complex, it is
necessary to investigate them not only experimentally but also
theoretically. These analyses and numerical results clarify
bubble formation and motion in the liquid in greater detail.
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Fig. 15 Relation of mutual attractive velocity U to distance r
between two bubbles.

Conclusions

1) The input acceleration o, required for surface disin-
tegration has a maximum at some input frequency f. The
larger the dimensionless depth H/D is, the smaller o is.

2) The sizes of liquid drops ejected from the free surface
correspond to the surface disintegration mechanisms; that is,
larger drops near the free surface are formed regularly as a
result of tearing off crests of ¥2 subharmonic waves, which is
one of most representative drop formations.

3) The scales 8f all drops decrease with increasing f.

4) The trajectory heights of all drops increase with in-
creases of the input displacement. The trajectory heights of
some small drops formed by the breaking up of the suf-
ficiently slender crests of ¥2 subharmonic waves are greater
than those of the larger drops formed uniformly as a result of
regular tearing.

5) The larger H/D is, the smaller is the input acceleration
a, necessary to generate the spray-excited lower mode waves.

6) A representative gas entrainment mechanism in the
liquid is the impact of the drops onto the free surface. The
behavior of the gas-liquid interface during gas entrainment
was analyzed numerically.

7) An analytical solution for vertical motion of a pulsating
bubble was developed. The vertical velocities and the
equilibrium positions of the bubbles were determined as
functions of the polytropic index. Theoretical results agreed
approximately with the experimental results; that is, the
smaller H is, the larger is the input acceleration o, required
for the bubbles to remain on the container bottom.

8) The mutual attraction of two bubbles which pulsate with
large radial displacements was analyzed. The mutual at-
tractive velocities of the bubbles were estimated numerically.
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